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Abstract 
Abstract 
The aim of this paper is to obtain the solution of the Einstein equation in the interior of the black 
holes by using arbitrary distribution functions; corresponding to Gaussian, Rayleigh, Maxwell-
Boltzmann and non-Gaussian distributions. Also we calculate the Hawking temperature, the mass 
and heat capacity for cosmological horizon and the black hole horizon. 
 
I. Introduction 
 
A black hole is defined as a place where gravity has gotten so strong that the escape velocity is 
faster than light speed. In particular, we have the BTZ black hole (the lower dimensional black 
holes)[1]. It's helpful to understanding the holographic description of asymptotically anti-de Sitter 
(AdS) space-times [2]. However the lower-dimensional analog of black hole is not known, but there 
are solutions with the cosmological horizon [3-4]. If we have available a lower-dimensional analog 
which could exhibit the key features of its' higher-dimensional counterparts; and the conventional 
black holes are a perturbative solution in that their horizon sizes scale with the Newton’s 
constant 𝐺. 
 For Gaussian after a lot of works there exist a new horizon in the black hole space-time, but 
anisotropic i.e.,𝑝𝑟 ≠ 𝑝𝜃 with energy-momentum tensor 𝑇𝛽
𝛼 = 𝑑𝑖𝑎𝑔 (𝜌, −𝑝𝑟 , −𝑝𝜃, −𝑝𝜑). For 
Gaussian not be required always, though beyond the Gaussianity has not been studied much so far. 
But Myung and Yoon have constructed deformed𝐴𝑑𝑆3 black hole which based on a Rayleigh 
distribution which is one of the non-Gaussian distributions [5]. Our aim of this paper to report that 
the four dimension black hole solution when non-Gaussian smearing of point matter are consider 
exist generally. We solve Einstein equations and discovery 𝑔𝛼𝛽 we find that the high degree of non-
linearity possessed by equation so that the solution not be easy, but this problem become easier if 
we solve it under some assumption [6]. The first exact solution was obtained by K. Schwarzschied 
 
 
2 
 
in 1916; he thought that the metric static spherically symmetric in empty space time surrounding 
some spherically massive object like a star. In this paper, we assume that the metric static 
spherically symmetric but we solve this equation by assuming that the distribution function in 
general form which including the Gaussian, Rayleigh and Maxwell-Boltzmann distribution (𝑛 =
0,1,2) respectively. We find that the black holes solution for all higher moment matter distribution 
except the conventional Gaussian one. This is a new way to constructing black holes solution from 
hair. 
 
II. The distribution function of Black Holes 
 The equations of motion are given by Einstein field equation [7] 
𝑅𝛼𝛽 −
1
2
𝑔𝛼𝛽𝑅 + 𝛬𝑔𝛼𝛽 = 8𝜋𝐺𝑇𝛼𝛽(1) 
Where 𝑅𝛼𝛽 is the Ricci tensor and 𝑔𝛼𝛽  is the metric tensor , 𝑅 is the scalar tensor , 𝑇𝛼𝛽 is the 
energy momentum tensor and 𝛬 =
1
𝑙2
= −8𝜋𝑃 is the positive cosmological constant and 𝑙 is the 
radius curvature .In order to solve equation (1) we assume that the line element take the form  
𝑑𝜏2 = 𝑓(𝑟)𝑑𝑡2 −
1
𝑓(𝑟)
𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜑2 (2) 
Where 𝜏 is proper time. 
Since 
𝑑𝜏2 = 𝑔𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽   (𝛼, β = 0,1,2,3)(3) 
Then we get  
𝑔𝛼𝛽 = 𝑑𝑖𝑎𝑔( 𝑓(𝑟) , −𝑓
−1(𝑟), − 𝑟2, −𝑟2𝑠𝑖𝑛2𝜃 )                                                 (4) 
We consider the matter configurations which do not deform (2). By considering matter energy-
momentum tensor  
𝑇𝛽
𝛼 = 𝑑𝑖𝑎𝑔( 𝜌 , −𝑃𝑟 , −𝑃𝜃, −𝑃𝜑) (5) 
From equation (2) we get the components of Ricci are 
𝑅00 = −𝑓 (
𝑓 ′′
2
+
𝑓 ′
𝑟
) 
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 𝑅11 = 𝑓
−1 (
𝑓 ′′
2
+
𝑓 ′
𝑟
) 
𝑅22 = 𝑓
′𝑟 + 𝑓 − 1 
𝑅33 = 𝑠𝑖𝑛
2𝜃(𝑓 ′𝑟 + 𝑓 − 1)(6) 
and scalar tensor is  
R = −𝑓 ′′ −
4
𝑟
𝑓 ′ −
2
𝑟2
𝑓 +
2
𝑟2
(7) 
(See appendix A) 
where prime (') denotes the derivative with respect to radial coordinate 𝑟. Substituting from 
equations (4) - (7) into (1) we get the equations of motion are 
𝑓′
𝑟
+
𝑓
𝑟2
−
1
𝑟2
= −
1
𝑙2
+ 8𝜋𝐺𝜌   (8) 
𝑓′
𝑟
+
𝑓
𝑟2
−
1
𝑟2
= −
1
𝑙2
− 8𝜋𝐺𝑃𝑟(9) 
𝑓′′
2
+
𝑓′
𝑟
= −
1
𝑙2
− 8𝜋𝐺𝑃𝜃(10) 
𝑓′′
2
+
𝑓′
𝑟
= −
1
𝑙2
− 8𝜋𝐺𝑃𝜑(11) 
We obtain the solutions of 𝑓(𝑟), 𝜌, 𝑃𝑟 , 𝑃𝜃, 𝑃𝜑from (8),(9),(10) and (11) we get 
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
+
8𝜋𝐺
𝑟
∫ 𝜌𝑟2
𝑟
0
𝑑𝑟(12) 
𝑃𝑟 = −𝜌 (13) 
𝑃𝜃 = 𝑃𝜑    (14) 
Equations (13) and (14) show that a non-vanishing radial pressure for arbitrary matter distribution 
and isotropic tangential components. Note that equation (2) together with (5) determine the metric 
and matter's pressure in terms of 𝜌. 
III. Gaussian distribution: 
Using Gaussian  distribution function 
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𝜌 =
𝐴
𝐿3
𝑒
−
𝑟2
𝐿2(15) 
Where L is the characteristic length scale of the matter distribution and 𝐴 is the normalization constant. 
Substituting from (15) into (12) we get 
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
+
8𝜋𝐺𝐴
𝑟
∫
𝑟2
𝐿3
𝑒
−
𝑟2
𝐿2
𝑟
0
𝑑𝑟                                             (16) 
Performing integration, then we get 
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
+
4𝜋𝐺𝐴
𝑟
[
√𝜋
2
erf (
𝑟
𝐿
) −
𝑟
𝐿
𝑒−
𝑟2
𝐿2](17) 
 . where erf(x) is the error function, defined by 
 erf(𝑥) =
2
√𝜋
∫ 𝑒−𝑡
2𝑥
0
𝑑𝑡 
The solution of Einstein equation in the vacuum solution of Schwarzschild solution in four 
dimensions [9]. 
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
−
2𝑀𝐺
𝑟
      (18) 
where M is the mass of black hole . Our calculation in the background of the vacuum solution (𝐿 →
0),  then the equation (17) becomes  
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
+
4𝜋√𝜋𝐺𝐴
𝑟
              (19) 
From equation (19) and equation (18), we get  
𝐴 =
−𝑀
𝜋√𝜋
              (20) 
Substituting equation (20) into equation (17), we get   
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
−
4𝑀𝐺
𝑟
[
1
2
erf (
𝑟
𝐿
) −
𝑟
√𝜋𝐿
𝑒−
𝑟2
𝐿2]         (21) 
We can obtain the explicit form of the mass of black hole in terms of the radial coordinate by setting 
𝑓(𝑟) = 0 
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𝑀 =
(𝑟+−
𝑟+
3
3𝑙2
)
2𝐺[erf(
𝑟+
𝐿
)−
2𝑟+
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]
(22) 
The extremal black hole which is the smallest black hole it is depend on the extremal radius which can be 
determine by (𝜕𝑀/𝜕𝑟𝐻)|𝑟=𝑟𝑜 =  0, where 
2𝐺 (
𝜕𝑀
𝜕𝑟𝐻
) |𝑟=𝑟𝑜 = {(1 −
𝑟+
2
𝑙2
) [erf (
𝑟+
𝐿
) −
2𝑟+
√𝜋𝐿
𝑒−
𝑟+
2
𝐿2 ] −
4𝑟+
3
√𝜋𝐿3
(1 −
𝑟+
2
3𝑙2
) 𝑒−
𝑟+
2
𝐿2 } [erf (
𝑟+
𝐿
) −
2𝑟+
√𝜋𝐿
𝑒−
𝑟+
2
𝐿2 ]
−2
(23) 
But this is very difficult to obtain the extremal radius explicit but we can write pressure in terms of the 
extremal radius by  
𝑃 =
[erf(
𝑟+
𝐿
)−
2𝑟+
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]− 
8𝐺𝑟+
2
√𝜋
𝑒
−
𝑟+
2
𝐿2
8𝜋{
8𝐺𝑟+
2
3√𝜋
 − [𝑟+2 erf(
𝑟+
𝐿
)−
2𝑟+
2
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]}
     (24) 
 
IV. The thermodynamics variables: 
 
Now we want to obtain the equation of state we started our calculation by calculate the thermodynamics 
temperature (Hawking temperature) from equation (21)  
𝑇 =
κ
2𝜋
=
𝑓′(𝑟)
4𝜋
ǀ𝑟=𝑟+    (25) 
Where κis the surface gravity of black hole. 
So, 
𝑇 =
1
4𝜋
{
1
𝑟+
−
𝑟+
𝑙2
−
4𝑟+
√𝜋𝐿3
(𝑟+ −
𝑟+
2
3𝑙2
) 𝑒−
𝑟+
2
𝐿2 [erf (
𝑟+
𝐿
) −
2𝑟+
√𝜋𝐿
𝑒−
𝑟+
2
𝐿2 ]
−1
} (26) 
 
Where 
𝑑
𝑑𝑥
(erf(𝑥)) =
2
√𝜋
𝑒−𝑥
2
. We can easily prove that this temperature reduce to Hawking temperature 
of the ordinary Shwarzschild black hole in vacuum 𝑇 =
1
4𝜋
{
1
𝑟+
−
𝑟+
𝑙2
} for (𝐿 → 0) .This equation represent 
equation of state (see figure 3).  
 
Now we want to calculate the thermodynamics volume as 
𝑉 =
𝜕𝑀
𝜕𝑃
ǀ𝑟=𝑟+ =
4𝜋𝑟+
3
3
𝐺[erf(
𝑟+
𝐿
)−
2𝑟+
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]
          (27) 
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From (21) we see that for (𝐿 → 0) the denominator tends to 1 which obtain the thermodynamics volume 
of the ordinary Schwarzschild black hole in vacuum 
𝑉 =
4𝜋𝑟+
3
3
  (see figure 4). 
 
The heat capacity at constant pressure is  
𝐶𝑃 =
𝜕𝑀
𝜕𝑟+
(
𝜕𝑇
𝜕𝑟+
)
−1
 
 
      =
(1−
𝑟+
2
𝑙2
)[erf(
𝑟+
𝐿
)−
2𝑟+
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]−
4𝑟+
3
√𝜋𝐿3
(1−
𝑟+
2
3𝑙2
)𝑒
−
𝑟+
2
𝐿2
16𝑟+
4
𝜋𝐿5
(1−
𝑟+
2
3𝑙2
)𝑒
−
𝑟+
2
𝐿2 −
8𝑟+
√𝜋𝐿2
(1−
2𝑟+
2
3𝑙2
−
𝑟+
2
𝐿2
+
𝑟+
4
3𝑙2𝐿2
)𝑒
−
𝑟+
2
𝐿2 [erf(
𝑟+
𝐿
)−
2𝑟+
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]−(
1
𝑟+
2 +
1
𝑙2
)[erf(
𝑟+
𝐿
)−
2𝑟+
√𝜋𝐿
𝑒
−
𝑟+
2
𝐿2 ]
2   (28) 
 
 
V. In general distribution form  
Now, let me consider the distribution function in general form is [8], 
𝜌 = 𝐴
𝑟𝑛
𝐿𝑛+3
𝑒
−
𝑟2
𝐿2  (29) 
Where L is the characteristic length scale of the matter distribution and 𝐴 is the normalization 
constant. For 𝑛 = 0 we get Gaussian distribution, 𝑛 = 1 Rayleigh distribution and 𝑛 = 2 Maxwell-
Boltzmann distribution, etc. substituting from (29) into (12) and integrate we get  
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
+
4𝜋𝐺𝐴
𝑟
𝛾(
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
) (30) 
where 
 𝛾 (
𝑛
2
+ 1 , 𝑥2) = ∫ 𝑡
𝑛
2
𝑥2
0
𝑒−𝑡𝑑𝑡 , 
𝛤 (
𝑛
2
+ 1 , 𝑥2) = ∫ 𝑡
𝑛
2
∞
𝑥2
𝑒−𝑡𝑑𝑡 = 𝛤 (
𝑛
2
+ 1 ) − 𝛾 (
𝑛
2
+ 1 , 𝑥2) 
are the incomplete lower and upper Gamma function respectively. 
But in the vacuum background solution of Schwarzschild solution 
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𝑓(𝑟) = 1 −
𝑟2
3𝑙2
−
2𝑀𝐺
𝑟
  (31) 
Vacuum solution, i.e.𝐿 → 0then (30) becomes  
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
+
4𝜋𝐺𝐴
𝑟
𝛤(
𝑛
2
+
3
2
 )  (32) 
By comparing (31) and (32) then we get 
𝐴 = −
𝑀
2𝜋𝛤(
𝑛
2
+
3
2
)
                                                                             (33) 
where it obtain the same normalization constant at n=0 eqn.(20).Then we can write (30) as  
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
−
2𝑀𝐺
𝑟
[1 −
𝛤(
𝑛
2
+
3
2
 ,   
𝑟2
𝐿2
 )
𝛤(
𝑛
2
+
3
2
 )
]                                                                (34) 
Now, we want to see whether there exists a black hole horizon but this located at singularity this 
means that 𝑓(𝑟) = 0 has interior roots other than the cosmological horizons. 
1 −
𝑟2
3𝑙2
−
2𝑀𝐺
𝑟
[1 −
𝛤(
𝑛
2
+
3
2
 ,   
𝑟2
𝐿2
 )
𝛤(
𝑛
2
+
3
2
 )
]=0                  (35) 
But it is very difficult to solve this equation analytically. 
We can use the easy way to find the (interior) black hole horizon by considering the  Nariai limit 
where the black hole horizon 𝑟−and the cosmological horizon 𝑟+ intersect i.e.𝑟− = 𝑟+ ≡ 𝑟𝑁𝑎𝑟 this 
happened at  𝑓 ′ = 0 𝑎𝑛𝑑 𝑓 = 0 .If there exist a positive solution for Nariai radius 𝑟𝑁𝑎𝑟  then there 
exist the black hole horizon and a cosmological horizon due to 𝑟− ≤ 𝑟𝑁𝑎𝑟 ≤ 𝑟+from (8) we get  
𝑟2 = 𝑙2[1 −
4𝑀𝐺
𝛤(
𝑛
2
+
3
2
)𝑟
(
𝑟
𝐿
)
𝑛+3
𝑒− 
𝑟2
𝐿2](36) 
We note that for L → 0 we get r2 = 𝑙2 which we get this from the ordinary Schwarzschild by using (31).  
VI. Properties and thermodynamics of de Sitter Black hole 
 I want to know the detailed form of the horizon 𝑟− to study the physical properties of de Sitter 
black holes since (35) which cannot be solved analytically, then we must be considered the 
perturbative solution near the origin by consider 𝑟−is very smallthis reasonable for small L  
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Since 𝑟 − should be zero when L tends to zero by expanding (34) near 𝑟 ≃ 0, neglecting higher- 
order terms.  
We get equation (34) becomes 
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
[1 +
12𝑀𝐺𝑙2
(𝑛+3)𝛤(
𝑛
2
+
3
2
)
𝑟𝑛
𝐿𝑛+3
+ 𝑜(
𝑟𝑛+2
𝐿𝑛+5
)]  (37) 
(See Appendix B) 
Then the black hole horizon is 
𝑟− = [
(𝑛+3)𝛤(
𝑛
2
+
3
2
)
4𝑚𝐺
(1 −
𝑟2
3𝑙2
)]
1
𝑛+2
  𝐿1+
1
𝑛+2  (38) 
From this we get the black hole horizon proportional to 𝐿 and we get that𝑟− → 0 𝑎𝑠 𝐿 → 0which 
agreed with our assumption above which provides a validity of our approximation.  
Now we want to obtain the Hawking temperature 
𝑇𝐻 =
ħҡ
2𝜋
|𝑟± =
ħ𝐿𝑥±
6𝜋𝑙2
|1 + (3
𝑙2
𝐿2
− 𝑥±
2) (
𝑥±
𝑛+1𝑒−𝑥±
2
𝛾(
𝑛
2
+
3
2
,𝑥±2)
−
1
2𝑥±2
) | (39) 
(See Appendix C) 
where κ = |
∂f
2 ∂r
|  is the positive surface gravity  and x± =
r±
L
. From this we get this temperature is 
reduce to ordinary Schwarzschild temperature T =
l2−r±
2
4πl2r
at (L → 0).I driving (39) from (34) and 
substituting the expressed of M from (35). Though we do not know exact form of r± interms of M, n 
we note that the temperature (39) is expressed in terms of r±. In all figures in this section, we plot 
the comparison for the Hawking temperature in exact form (39), approximated formula (40) and 
vacuum Schwarzschild solution. The right-hand side curves represent the temperature due to the 
cosmological horizon r+. And the left-hand side curves represent those the temperature due to black 
hole horizon r−. 
Now, in order to study the thermodynamics of black holes, we must be consider the small black 
hole case, i.e. small 𝑟− which reduces the Hawking temperature as 
𝑇𝐻
− =
ħ
4𝜋𝑟−
{(𝑛 + 2) − [
𝑛𝐿2
3𝑙2
+
2(𝑛+3)
(𝑛+5)
] (
𝑟−
𝐿
)
2
+ 𝑂((
𝑟−
𝐿
)
4
)}                                                      (40) 
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From this we note that the temperature not vanishes for any distribution. But from this 
approximated temperature formula (40) we can find the approximated formula for small black hole 
horizon the Nariai radius xNar =
r−
L
where the temperature vanishes 
𝑥𝑁𝑎𝑟 = √
3𝑙2(𝑛+5)(𝑛+2)
𝑛(𝑛+5)𝐿2+6𝑙2(𝑛+3)
(41) 
 
Now we want to deduce the mass of thesmall black hole from entropy, but there is no canonical 
derivation of it.But we know that the entropy proportional to the area of the event horizon [10]. 
In other words we, assume that the black holes entropy is 
𝑆 ≡ 𝛼
4𝜋𝑟−
2
4ħ𝐺
 (28) 
where coefficient 𝛼 is not fixed to one as in Bekenstien-Hawking entropy for large black hole[11] 
,similarly as a small black hole in higher curvature [12]. 
From the first law of thermodynamics 
𝑑𝑀− = 𝑇𝐻𝑑𝑆 = 𝛼
2𝜋𝑟−
ħ𝐺
𝑇𝐻𝑑𝑟−(42) 
This yields mass of small black holes 
𝑀(𝑟−) = ∫ 𝛼
2𝜋𝑟−
ħ𝐺
𝑇𝐻𝑑𝑟−
𝑟−
0
 
= 𝛼
𝐿2
3𝑙2𝐺
∫ 𝑥2|𝐿 + (3𝑙2 − 𝑥2𝐿2) (
𝑥𝑛+1𝑒−𝑥
2
𝛾(
𝑛
2
+
3
2
,𝑥±2)𝐿
−
1
2𝑥2𝐿
) |
𝑟−
𝐿
0
𝑑𝑥  (43) 
We get 𝑀−(0) = 0 in order to be agreed with the vacuum solution without black hole i.e. 𝑟− = 0. 
But we find that the analytic integration of (43) is not available. So for small black hole 
approximation we get, the equation (43) becomes 
𝑀(𝑟−) =
𝛼𝑟−
2𝐺
{𝑛 + 2 −
1
3
[
𝑛𝐿2
3𝑙2
+
2(𝑛+3)
(𝑛+5)
] (
𝑟−
𝐿
)
2
+ 𝑂((
𝑟−
𝐿
)
4
)} (44) 
The heat capacity 𝐶 =
𝑑𝑀
𝑑𝑇𝐻
is given by  
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𝐶 =
2𝛼𝜋𝐿2
ħ𝐺
𝑇𝐻𝑥
𝑑𝑥
𝑑𝑇𝐻
=
2𝛼𝜋𝐿2
ħ𝐺
𝑇𝐻𝑥(
𝑑𝑇𝐻
𝑑𝑥
)−1(45) 
𝑑𝑇𝐻
𝑑𝑥
=
1
6𝐿𝛾2𝑙2𝑥2
|{3(𝑥2𝐿2 + 𝑙2)𝛾2 + [(6𝑛 + 12)𝑙2 − (2𝑛 + 8)𝐿2𝑥2 − 12𝑙2𝑥2 + 4𝐿2𝑥4]𝑥𝑛+3𝛾𝑒−𝑥
2
+
(4𝐿2𝑥2 − 12𝑙2)𝑥2𝑛+6𝑒−2𝑥
2
}|   (46) 
But for small black hole approximation we get, 
𝑑𝑇𝐻
𝑑𝑥
=  −
ħ
4𝜋𝐿
{
𝑛+2
𝑥2
+ [
𝑛𝐿2
3𝑙2
+
2(𝑛+3)
(𝑛+5)
] + 𝑂((𝑥)4)}(47) 
 
 
VII. Conclusions 
In this paper, we obtain the solution of Einstein equation in smearing of point matter by consider 
Gaussian distribution function, then by using the mass of black hole in terms of outer radius as 
enthalpy we can obtain some thermodynamics quantity like (Hawking temperature, 
thermodynamics volume and heat capacity). We note that every quantity reduce to the quantity of 
ordinary Schwarzschild black hole (vacuum solution) as 𝐿 → 0 . In figure 1 we plot 𝑓(𝑟) with the 
radial coordinate and we note that its goes to zero for large pressure at infinity of 𝑟 and for 𝑟 → 0 it 
goes to mins infinity. In figure2 we plot the mass of black hole with r and we note that for very 
small radial the mass tends to zero. In figure 3 we plot the Hawking temperature with 𝑟 and we note 
that the temperature must be positive as the radial less than the extremal radius. In figure 4 we plot 
the thermodynamics volume with 𝑟 and we note that the volume become zero for small radius and it 
is not depends on pressure. In second we considered the general form of distribution function, 
including Gaussian distribution at 𝑛 = 0 Rayleigh distribution at 𝑛 = 1 and Maxwell-Boltzmann 
distribution at 𝑛 = 2.We study the physical properties of black holes by obtaining the explicit form 
of the black holes horizon by expanding equation (36) near 𝑟 ≈ 0 .We are studying the 
thermodynamics properties of a black hole by using the relation between the entropy and the area 
and then obtain the mass of the small black hole from the first law of thermodynamics. Finally, we 
plot some figures  between Hawking temperature and Nariai radius in figures. 5, 6, 7 and 8 for 
𝑛 = 0, 1, 2 𝑎𝑛𝑑 3 respectively, which represent comparison between the exact temperature (39), 
approximation temperature (40) and the vacuum solution in four dimension but in figures 9 and 10 
we plot the exact temperature and approximate temperature respectively which corresponding to 
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Gaussian distribution at 𝑛 = 0 Rayleigh distribution at 𝑛 = 1 and Maxwell-Boltzman distribution at 
𝑛 = 2. We note that the two temperatures are identical for the black hole horizon which is less than 
the Nariai radius. 
 
 
 
Figure 1: The relation between𝑓(𝑟) 𝑎𝑛𝑑 
𝑟
𝐿
  by varying pressure where the red solid line corresponding  
𝑙 = 0.5 , blue line corresponding to 𝑙 = 1 , the black line corresponding to 𝑙 = 1.5 and dashed line 
represent the mass of ordinary Shwarzschild black hole. 
. 
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Figure 2: The relation between 𝑀 𝑎𝑛𝑑 
𝑟
𝐿
  by varying pressure where the red solid line corresponding to  
𝑙 = 0.5 , blue line corresponding to 𝑙 = 1 and the black line corresponding to 𝑙 = 1.5  and dashed line 
represent the mass of ordinary Shwarzschild black hole  . 
 
 
 
 
 
 
 
Figure 3. The Hawking temperature with radial coordinate the red solid line refer to 𝑙 = 0.5 , blue line 
corresponding to 𝑙 = 2.5 and dashed line represent the temperature of ordinary Shwarzschild black hole 
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Figure  4.  The volume with the radial coordinate where the solid line represents (27) and dashed 
line corresponding Schwarzschild volume.  
 
 
 
 
Figure 5 The Hawking temperature vs. 𝑥 =
𝑟±
𝐿
 for 𝑛 =  0 (Gaussian distribution) from left to right 
where the solid line donated exact temperature (39), the dashed line donated the approximated 
temperature (40) and dotted line donated the temperature for vacuum in four dimension where 
putting ħ = 𝐿 = 𝑙 ≡ 1 
 
 
  
 
Figure 6 The Hawking temperature vs. 𝑥 =
𝑟±
𝐿
 for 𝑛 =  1 (Rayleigh distribution) from lift to right 
where the solid line donated exact temperature (39), the dashed line donated the approximated 
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temperature (40) and dotted line donated the temperature for vacuum in four dimension where 
putting ħ = 𝐿 = 𝑙 ≡ 1 
 
 
 
 
 
Figure 7 The Hawking temperature vs. 𝑥 =
𝑟±
𝐿
 for 𝑛 =  2 (Maxwell-Boltzmann) distribution from 
lift to right where the solid line donated exact temperature (39), the dashed line donated the 
approximated temperature (40) and dotted line donated the temperature for vacuum in four 
dimension where putting ħ = 𝐿 = 𝑙 ≡ 1 
 
 
Figure 8 The Hawking temperature vs. 𝑥 =
𝑟±
𝐿
 for 𝑛 =  3 from lift to right where the solid 
linedonated exact temperature (39), the dashed line donated the approximated temperature (40) and 
dotted line donated the temperature for vacuum in four dimension where putting ħ = 𝐿 = 𝑙 ≡ 1 
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.2
0.4
0.6
0.8
1.0
X
T
Hawking temperature
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.2
0.4
0.6
0.8
1.0
X
T
Hawking temperature
 
 
15 
 
 
 
Figure 9 The Hawking temperature vs. 𝑥 =
𝑟±
𝐿
 for 𝑛 = 0,1,2, 3 from bottom curves to top curves 
respectively. For exact temperature (39), where putting ħ = 𝐿 = 𝑙 ≡ 1 
 
 
Figure 10 The Hawking temperature vs. 𝑥 =
𝑟±
𝐿
 for 𝑛 = 0,1,2, 3 from lift curves to right curves 
respectively. For approximate temperature (40), where putting ħ = 𝐿 = 𝑙 ≡ 1 
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Appendix A 
From equation (2), we get the Lagrangian is  
𝐿(?̇?𝜎 , 𝑥𝜎) = 𝑓(𝑟)?̇?2 −
1
𝑓(𝑟)
?̇?2 − 𝑟2?̇?2 − 𝑟2𝑠𝑖𝑛2𝜃 ?̇?2(A1) 
where dots denote differentiation with respect to an affine parameter 𝑢. Partial differentiation gives: 
𝜕𝐿
𝜕?̇?
= 𝑓(𝑟)?̇? 
𝜕𝐿
𝜕?̇?
= −𝑓−1?̇? 
𝜕𝐿
𝜕?̇?
= −𝑟2?̇? 
𝜕𝐿
𝜕?̇?
= −2𝑟2𝑠𝑖𝑛2𝜃?̇? 
 
𝜕𝐿
𝜕𝑡
= 0                                                                                                   (A2)  
𝜕𝐿
𝜕𝑡
= 0 
 𝜕 𝐿
𝜕𝑟
=
1
2
𝑓 ′(𝑟)?̇?2 +
𝑓 ′(𝑟)
2𝑓2(𝑟)
?̇?2 − 𝑟2?̇?2 − 𝑟2𝑠𝑖𝑛2𝜃 ?̇?2 
𝜕𝐿
𝜕𝜃
= −𝑟2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 ?̇?2 
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𝜕𝐿
𝜕𝑡
= 0  
 
Substitution from (A2) into Euler-Lagrange equations  
𝑑
𝑑𝑢
(
𝜕𝐿
𝜕?̇?𝑎
) −
𝜕𝐿
𝜕𝑥𝑎
= 0 (𝑎 = 0,1,2,3), we get 
the equations of motion are   
 
?̈? + 𝑓 ′𝑓−1?̇??̇? = 0 
 
?̈? +
1
2
𝑓 ′𝑓 ?̇?2 −
1
2
𝑓 ′𝑓−1?̇?2 − 𝑟𝑓 ?̇?2 − 𝑟𝑓 𝑠𝑖𝑛2𝜃?̇?2 = 0 
 
?̈? +
2
𝑟
?̇??̇? − 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜑 ?̇?2 = 0 
 
 ?̈? +
2
𝑟
?̇??̇? + 2𝑐𝑜𝑡𝜃 ?̇??̇? = 0  (𝐴3) 
Comparing this equations with geodesic equations (?̈?𝑐 + 𝛤  𝑎𝑏
𝑐 ?̇?𝑎?̇?𝑏 = 0 ) we get the nine 
independent non-zero connection coefficients in the following form 
 
𝛤  01
0 =
1
2
𝑓 ′𝑓−1 
𝛤  00
1 =
1
2
𝑓 ′𝑓 
𝛤  11
1 = −
1
2
𝑓 ′𝑓−1 
𝛤  22
1   = −𝑟𝑓                                                                         𝛤  33
1 = −𝑟𝑓 𝑠𝑖𝑛2𝜃 
𝛤  12
2 =
1
𝑟
 
𝛤  33
2 = −𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 
𝛤  13
3 =
1
𝑟
 
𝛤  23
3 = 𝑐𝑜𝑡𝜃          (𝐴4) 
 
The non-zero connection coefficients can be used to determine the non-zero components of the 
Riemann curvature tensor,  
Using the general formula 
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𝑅  𝜎𝜇𝜈
𝜌
=
𝜕𝛤  𝜎𝑣
𝜌
𝜕𝑥𝜇
−
𝜕𝛤  𝜎𝜇
𝜌
𝜕𝑥𝑣
+ 𝛤  𝜎𝑣
𝛼 𝛤  𝛼𝜇
𝜌
− 𝛤  𝜎𝜇
𝛼 𝛤  𝛼𝑣
𝜌
  (A5) 
We can obtain the Ricci tensor by contracting the Riemann tensor,  gives the components 
 
𝑅𝜇𝑣 = 𝑅  𝜎𝜇𝜌
𝜌
       (A6) 
 
then we get the only four diagonal components of the Ricci tensor are not identically zero: 
 
     𝑅00 = −𝑓 (
𝑓 ′′
2
+
𝑓 ′
𝑟
) 
      𝑅11 = 𝑓
−1 (
𝑓 ′′
2
+
𝑓 ′
𝑟
) 
𝑅22 = 𝑓
′𝑟 + 𝑓 − 1 
𝑅33 = 𝑠𝑖𝑛
2𝜃(𝑓 ′𝑟 + 𝑓 − 1)    (A7) 
and scalar tensor is 
𝑅 = 𝑔𝜇𝑣𝑅𝜇𝑣 = 𝑔
00𝑅00 + 𝑔
11𝑅11 + 𝑔
22𝑅22 + 𝑔
33𝑅33                                 (A8) 
So,  
𝑅=−𝑓 ′′ −
4
𝑟
𝑓 ′ −
2
𝑟2
𝑓 +
2
𝑟2
                                (A9) 
Appendix B 
Since  
𝛤 (
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
) = 𝛤 (
𝑛
2
+
3
2
) − 𝛾 (
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
)(B1) 
So,  
1 −
𝛤(
𝑛
2
+
3
2
 ,   
𝑟2
𝐿2
)
𝛤(
𝑛
2
+
3
2
)
= 1 − 1 +
𝛾(
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
)
𝛤(
𝑛
2
+
3
2
)
=
𝛾(
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
)
𝛤(
𝑛
2
+
3
2
)
 (B2) 
And by expanding 𝛾 (
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
) near 𝑟 = 0 then we get 
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𝛾 (
𝑛
2
+
3
2
 ,
𝑟2
𝐿2
) = ∫ 𝑡
𝑛+1
2 𝑒−𝑡
𝑟2
𝐿2
0
𝑑𝑡 = ∫ 𝑡
𝑛+1
2 (1 − 𝑡 +
𝑡2
2
𝑟2
𝐿2
0
−
𝑡3
6
+ ⋯ )𝑑𝑡 
                 = ∫ [𝑡
𝑛+1
2 − 𝑡
𝑛+3
2 +
𝑡
𝑛+5
2
2
+ ⋯ ] 𝑑𝑡
𝑟2
𝐿2
0
 
 = [
2
𝑛 + 3
(
𝑟2
𝐿2
)
𝑛+3
2 −
2
𝑛 + 5
(
𝑟2
𝐿2
)
𝑛+5
2 +
2
𝑛 + 7
(
𝑟2
𝐿2
)
𝑛+7
2
2
+ ⋯ ] 
=
2
𝑛+3
(
𝑟
𝐿
)𝑛+3 + 𝑜(
𝑟𝑛+5
𝐿𝑛+5
)(B3) 
Substituting from (B3) into (B2), we get 
1 −
𝛤(
𝑛
2
+
3
2
 ,   
𝑟2
𝐿2
)
𝛤(
𝑛
2
+
3
2
)
=
1
𝛤(
𝑛
2
+
3
2
)
[
2
𝑛+3
(
𝑟
𝐿
)
𝑛+3
+ 𝘖 (
𝑟𝑛+5
𝐿𝑛+5
)]   (B4) 
Then substituting from (B4) into (37) we get 
𝑓(𝑟) = 1 −
𝑟2
3𝑙2
[1 +
12𝑚𝐺𝑙2
(𝑛+3)𝛤(
𝑛
2
+
3
2
)
𝑟𝑛
𝐿𝑛+3
+ 𝘖(
𝑟𝑛+3
𝐿𝑛+5
)] 
Appendix C 
Since the surface gravity κ = |
𝜕𝑓
2𝜕𝑟
| from equation (34) we get 
κ = |
−𝑟
3𝑙2
−
𝑚𝐺
𝛤(
𝑛
2
+
3
2
)
[
𝛾′
𝑟
−
𝛾
𝑟2
]| (C1) 
and from definition of gamma 
𝛾′ =
2
𝐿
(
𝑟
𝐿
)𝑛+2𝑒−
𝑟2
𝐿2(C2) 
Substituting from (C2) into (C1) we get 
κ = |
𝑟
3𝑙2
+
𝑚𝐺
𝛤(
𝑛
2
+
3
2
)
[
2
𝐿
(
𝑟
𝐿
)𝑛+2𝑒
−
𝑟2
𝐿2
𝑟
−
𝛾
𝑟2
]|(C3) 
Substituting from (C3) into (39)  and putting 𝑥± =
𝑟±
𝐿
 we get 
𝑇𝐻 =
ħҡ
2𝜋
|𝑟± =
ħ𝐿𝑥±
6𝜋𝑙2
|1 + (3
𝑙2
𝐿2
− 𝑥±
2) (
𝑥±
𝑛+1𝑒−𝑥±
2
𝛾 (
𝑛
2
+
3
2
, 𝑥±2)
−
1
2𝑥±2
) | 
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